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lNTRODUCTION

IN field plot experiments mvolvmg a large number of treatments, it
becomes necessary to take recourse to incomplete block designs in order
to reduce the heterogeneity within blocks. On the other hand,
experiments involving single plant progenies with variable amounts of
seed (Hutchinson and Panse, 1937) or a small number of treatments
with animals as experimental units, it becomes often desirable to adopt
super-complete block designs in order to avoid wastage of seed or
animals. Thus, in an experiment involving four treatments, if litters
of six animals each are available, the usual procedure is to take only
four animals from each litter and reject the remaining two. If, instead,
the experiment is suitably designed so as to utilise all the six animals,
it not only saves wastage but also increases the precision. The main
objection to such a procedure in the case of agricultural experiments
is due to the.increase in block size and consequent loss of precision
which is inversely related to block size. In experiments with animals
as experimental units on the other hand, the heterogeneity within litters
does not most likely depend on the size of the litter. Such considera-
tion also leads to the necessity of having designs by means of which
litters of different sizes can be utilised in the same experiment. In
field plot experiments, this actually corresponds to designs with unequal
blocks.

Keeping all such considerations in view, a generalised balanced
design has been defined i this paper with provision of replications
within ‘block’, if necessary. The usual complete block designs, the
balanced incomplete block designs with or without provision of some
extra treatments which are present in every block and various types of
super-complete block designs come out as particular cases of this design.

Pearce (1953) reported an interesting experiment, which was
adopted in East Malling Fruit Research Station to meet an ad hoc
situation. It was first planned as a randomised block design with
four blocks of seven plots each to accommodate five weed-killers and
two control treatments. Through  some unforeseen circumstances,
one of the weed-killers could not be obtained though plots were kept
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ready for it. 'What was done on the spur of the moment was to replace
the absent treatment by each of the available ones in turn in the differ-
ent blocks. It became thus a super-complete non-orthogonal design.
Pearce stated that he was not aware if the method of analysis of such a
design is available but guessed that perhaps the method of analysis of
the general incomplete block designs given by Rao (1947) might cover
such designs. Rao’s method, however, does not cover designs with
replications within blocks. Actually, the above ‘Nonce design’, as
it has been named by Pearce, is a particular case of the general design
defined here.

The method of intra-block analysis of the general design together
with expressions for the variances of treatment contrasts has also been
presented in the paper.

2. DEFINITION OF THE DESIGN

Taking a block to mean a group of experimental units like plots,
animals, etc., having some common features, the design has been
defined as below:—

If in the jth of b blocks, the ith treatments occurs #;; times, such
that for g of the ¢ treatments, n,;.is constant in all the blocks, being
equal to n = 0, while for the other (¢ — ¢) treatments it takes two types
of values in the different blocks, viz., sand.s 4+ p (s = 0,5 + p = 0)
such that the cells in the treatment (# — g) X blocks (b) table taking
the frequencies (s + p) give rise to a balanced incomplete block design
with (¢ — g) treatmients, b blocks and some A = 0. To these b blocks are
to be added another 4’ blocks such that the frequencies n,; > 0 are the
same within the same block though they may differ from block to
block.

Such a design involving ¢ treatments and b + 4" blocks has been
called a generalised balanced design. Taking the parameters of the

“balanced incomplete block design as b =5b, v=1¢ — ¢, r, x, A, the cell

frequencies and the marginal total frequencies, the latter giving replica-
tions and block sizes of the design, have been shown in tabular form
on the next page.

" Whenn, = p = 0 and n = 5 = 1, it becomes the ordinary Random-
ised block design. "Again, when m,=n=s=0 and p=1, it
becomes the balanced incomplete block design. A balanced incom-
plete block design with some extra treatments present in every block
is obtainable by putting # =1 = p and § = = 0.
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Treatments
Blocks 1 2 q, q-+1, ¢+2 ....- t  Total
1 n no.. n s s+p .... s =ng-+s(t—q)
- +kp
2 n n ..n stp s ....s+tpK
b n n e n s s—{ip s-'}-_p K
b+1 no o omo.. o m M n ... By Ing .

b+ ' omy .. omy oy n' o ....on my

Total nb4+Znm R, .. Ry sb+rp Ry, .... R,
ERI ) +2n1 E.R2
y " "The design reported by Pearce (1953) has the cell frequencies as
shown below:—
_ Treatments
Blocks 0 4 B C D
1 2 2 1 1 1 |
2 2 1 2 1 1
3 2 1 1 2 1
4 2 1 1 1 2

This.evidently is a particular case of the general design. We have
_hére q = i, t=5n= 2,s=1 andp = 1 and n; = 0, such that the cells
with frequency 2 under the treatments 4, B, 'C and D form the balanced
incomplete block design with parameters v = b=4,r=x=121A=0.
As the design provides for replications within blocks, an estimate of
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the error within cells can be obtained and hence the interaction between
blocks and tredtments can be tested. :

3. METHOD OF ANALYSIS

If yis denotes the kth observation from the ith treatment in the

Jjth block, then taking the wusual model, Ve =p+ L'+ by + é5
~ where p, ¢ and b; are constants denoting the general mean, the effect
of the ith tréatment and that of the jth block respectively  and €,
a random variable with zero mean and a constant variance, o2, it has
been shown by the author (Das, 1953) that the normal equations involv-
ing the treatment effects alone after eliminating ;s and Gne, of ‘the
treatments say, thé pth, with the help of the restriction Zt = 0 .come
out to be

i =1>21"'.9(t—1)

Nf-‘ff.—Z"‘Zﬂ“(mJ—,'—w:Q* K=12...,0-1

e j=L2...,b

where N, is the Treplication of the ith treatment, n, the size of
the jth block and Q; is the adjusted total of the ith treatment and is
given by Q, = T, — Zny, ByJn,, T, being the total of the itH treatment
and B, that of the jth block. : .

In the present design there are two types of replications of .the
treatments, viz;; Ry =(bn 4+ n +ny+ .. +ny) or R, =nb 4 Zn,
for the first ¢ treatments, to be called hereafter the first set of treatments,
and R, = sb +'rp + Zn,, i.e., R, = R+ 2Zn, where R = sb - rp_for
"the other (¢ — q) treatments involved in the B.I.B. design, to be called
hereafter the second set of treatments. The block size of each of the first
b blocks forming the B.LB. design isng + s (t — q) + Kp = - K, say, the
size of the other blocks being different in each case as shown in the margm
of the table, Taking the pth treatment, which has been eliminated,
to be one in the first set of g treatments so that n,, = n or ni for all j,
the expression :

Z Mﬁ_—.-—nﬂ) reduCés to

ny

~

,—‘g_{A(s%p)'(sﬁr‘p—n)+(b.f2r+A)s(s—zz)

T —=NE—nE+p)+ ¢ —Nss+p— n)}

R@—M+MM+W)
A K
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for all k% i, both i and « standing for treatments in the second
set.

The above expression can be obtained easily, from a consideration
of the fact that for the two treatments i and k both n,; and #,, can take
values (i) (s -+ p) just in A blocks and (i) s in & —2r + A blocks;
in (r —A) blocks one of them takes the value s 4 p and the other s -
and vice versa in the remaining (r — A) blocks.

When i = k, the expression takes the value

GGG+ b= =)

_ R(s—n)+rp(s+p)
K ) ’

As n,; = n,y = n for treatments in the first set, the normal equa-
tions corresponding to the treatments in the second set, will not con-
tain any treatment in the first set, as each of them enters these equa-
tions with coefficients involving (ny — n,;) which is zero.

Thus, the normal equations corresponding to the treatments in
the second set can be written as

{Rz_(s-—n) R;—rp(s—{—_]}_)}

tm

_ R(s—-n)+p(>\p+sr)Z:tm,=Qm

7 ®

m'sEm
where f,, and #,, stand for treatpents in the second set.

The normal equations for the treatments 1 the first set come out to be

nR — bn® '
Rty ——F%— Z ti = O . @

where #, stands for treatments in the first set.

Thus, once the solution of the equations corresponding to the
treatments in the second set is available, those for the treatments in
the first set can be easily obtained.

Tlie_ equations in (1) can also be written as

{RZ — 22—(5]{—)‘)} ‘

_RG—mn +Kp (Ap+rS)Z:tm=Qm_
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Summing it over m we get

Telte-2ed

RPYLIELESRULL ) =ZQ'"'

Putting

and

"1_{__(s—n)+p()\p+sr)=B ‘
I S

2

we get

)3 " ‘—"ft Q,—'"‘q) B
a.r;d
= {2+ B(fgmq) %)

Hence

n(R—bn) X0,
AR v B}] |

The treatment #> which was eliminated can also be obtained frdm
the above expression simply by replacmg QO by Q).

The solution for particular designs can be obtained by ﬁrst finding
the parameters of the design and then substituting them in the above
expressions. Thus, for Pearce’s ‘Nonce design’, we-have t =5, ¢ =1,
n=2s=1,p=1, b=v=4r=x=1 A=0,K=7, R =35,
R, =R =35, and n; =0.

' Hence
" 34
A=5— 7

541 —4
Bor—mg—=7"

+ o
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whence
7 (: 2
tm = @;(Qm + 2-5' QO)
and

ty = =5

where 1, » for the other treatments

Once the solutlon of the treatment effects has been obtamed the
treatment sum of squares can be obtained as usual from ZrQ and the
S.S. due to all ‘the fitted constants, from X B2/n.; + ZtQ. By sub-
tracting the sum of squares due to the fitted constants from 2 T';?/ny;
where T, is the total of the ith treatment as obtained from the jth block,
the interaction sum of squares can be obtained. The within block
pure error sum of 'squares can be obtained, as usual from the w1thm
cell sum of', squares.

By expressing any treatment contrast as a llnear function of their
adjusted totals, the variance of the difference between any two treat-
ments can be obtained easﬂy

-

Thus
5
Variance (f,, — t,) = 2%
Variance (¢ 1;)' 27
1 — ) =5
a 1 1 Rl 4
Variance (f; — £,) = 2Ll+i+_.__1____
a“a?“?(‘_ M AT R T A9 B
g___n(R-—nb)
% {A RE ”

An example

The different steps in the analysis of the design have been illustrated
. by means of the following example. The data analysed have been
artificially constructed from a uniformity trial ont Malvi cotton at the
Institute of Plant Industry, Indore, reported by Hutchinson and Panse
(1935), so as to form a progeny row trial with four families ‘having
two sister plants in each. Assuming that the seeds available from one
of the familigs and one plant in another famll?/ were sufficient for only
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twelve replications of each of these progenies,: While the remaining
plants had each seeds sufficient forsixteen rephcatlons one of the suitable
deSLgns for one-way elimination of fertility variation is a super-complete
block design with twelve blocks, ten of which accommodate ten plots
each,- the remaining two having only eight plots each. Blocks have
been made: unequal for the sake of illustration of thé general method
of analysxs The eight progenies were allotted ‘at random to the differ-
ent plots in each of the blocks such that the twenty extra observations
from five of the progenies having sixteen rephcatxons each, were the
second replications within the ten blocks of size ten, dnd they formed
in theSe blocks a balanced incomplete block de51gn with parameters

The progeny numbers, viz., from 1 to 8, were allotted at random
to the ‘different observations taken from twelve consecutive rows of the
umformlty rial data. The following table shows the data after
rearrangement so as to form a block X progeny ‘table:—

Yield of seed cotton per plot of 12000 gcre in gm.

Progenies '
n @ 6@ @ ) I ()) M (8)
Blocks 4, A, B, = B, C, c, D D,
1 8 111 80 93,80 97,131 116 95 102
2 69 8 93 63,50 78 49,84 85 115
30129 133 72 95,133 115 97" 89,90 129
4 70 76 63 107,76 71 9 107 77,115
5 120 100 9 69 70,88 101,68 63 110
6 74 117 28 83 81,113 82 91,8 109
7 8 79 92 103 89,80 77 72 62,119
8 94 75 9% 90 63 74,125 76,119 95
9 130 115 104 77 116 99,64 45 96,64
10 63 84 8 40 66 79 51,111 79,67
11 8 81 104 76 80 102 2 7
12 111 61 8 73 81 98 71 87

N

£,

DL T
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The different parameters in the design are: ¢ =8, ¢ =3, n=s=p
=1, =2 v=5 b=10, r=4,x=2, A=1, R =12, R=14,
R,=16, K=10, i=1, 2.

The purpose of analysis is first to obtain the error S.S. and the
adjusted sum of squares due to progenies, and then to get components
of the latter sum of squares to test for family differences.

The different totals required are shown in the table. on next
page.
2Q,,,=—110-45+10-95+18-35—113-25+114-05=—80-35

157 5 _
A-t—-9E=75"327%"

Hence,

tn = {Qm + 7 _B(tzg"(}) B} - 157 {Q’” B %} :

—_—T5—7(Qm —3-0321) where m =4, 5, 6,7 and 8 and ¢

stands for the progeny effect.
"Thus,
ty, = — 7-2282
ts = 0-5043
te = 0-9757
t, = — 7-4065
ty = 7-0712.

Again, -

- Ko AR

4 % 80-35
_L1)ai— 66
12 10 X =

5

= 1% (Q, — 2-4348) where [ = 1,2, 3.




1 2 3 \ 4 5 6 7 8 9 10 11 12
Block totals with Nos. of obs. 987 769 1082 861 885 864 859 907 910 | 724 | 642 | 668
‘ (10) (10) (10) (10) (10) (10) (10) (10) (10)_ (10) (8) (8)
Progeny totals with Nos. of obs. 1113 © 1115 998 1308 1419 1414 1293 1498
(12) (12) (12) (16) (16) (16) (16) (16)
Adjusted progeny totals 6445 6645 |—50.556 |—110-45 10.95 18:35 [—113-25 114.05

NOISHA dIONVIVE QaSIIVIINED V

LZ
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Hence,
t; = 5-1679.
t, = 5-3346.

1, = — 4-4154.

The check that 2t =0 is sa_.tj_sﬁed. i
Now, the adjusted S.S. due téﬁiﬁr—()“;genies can be obtained from Z:Q
and is equal to 3377-7911.
Total $.S. (Cr) = 943032.
Block S.S. = 89930@;7000'— 8895255517 = 97831483,
Error S.S. = 11402, -~ --- ‘

Hence interaction S.S. = 943032 — 8993087 — 11402 — 3377-7911
= 28943 -5089.

The sum of squares due to any contrast among the family mean
effects of the form Zlt =14 (t; + 1) + L(ty+ 1) + (G5 + 1) + s
(t, + tg where ZI =0 can be obtained from (Sl 21, where ¢ is a
solution of the normal equations obtained by replacing the Q’s by the
I’s. As the solution of the normal equations is available as function
of O’s, t; can be easily obtained simply by .replacing Q; by /; in the
expression of £, As the variance of Zir is o® 2If’, the devisor for the .
sum of squares due to the contrast Z/f must be /¢’

If Zmt be some other contrast, its sum of squares can be ortho-
gonal to the previous S.S. only if & mt' is zero as the covariance between
two such contrasts is equdl to o®Zmt’.

Hence, all components of the sum of squares, representing family
contrasts, can be obtained in this manner.

Analysis of varidance table

Due to. d.f. S.S.

Blocks (unadj.) .. 11 978315
Progenies (adj.) .. 7 3377-79
Interaction .o T 28943 -51
Error .. 20 11402-00 370-10
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Variances of three typical progeny diﬁ‘ereqces are shown below:—

_Va'riance (t, —ty) = 1—22 ol = :1702.
Variance (¢, — t;) = 21><5_710 o2 = +130%

‘e . _‘ 1 '
Variance (f, — t,) = o® [A + % R1 + (A — vB)

N {§ n(R—nb)}
A RK J
[ + p 3 (3 4

157 66 157 12x _10)]
= 1542 '

In order to test if the first two families differ significantly, we have
the contrast 2, where I's are 1, 1, — 1, — 1, 0, 0,0,0. The ¢’s have
been obtained corresponding to these I’s as

I SV VI (Y7,
U990 Tog0 s Tew33c T 5Tk 2640

the other s being each equal to — 10/157 % 26+ 4 but it is not neces-
sary to obtain them, as the corresponding I’s ‘are zero. Evaluation of .
all the #”s, however, provides a check as It = 0;

Thus, ZIf' = 4189/15549 and 2lr = 22-1461; Now, instead of
obtaining the S.S. due to the contrast, the ¢ “test ‘also can be applied
to test for the difference between the two famlhes

Thus,
22-1461 s
070 45— 1:78 on 20 d.f.
15549
SuMMARY

A generalised balanced design has been defined. The random-
ised block designs, the balanced incomplete block designs with or
without some extra treatments which are present in every block and
different balanced super-complete block designs, come out as particular
cases of the general design. The design is particularly helpful for single
plant progeny row trials with variable amounts of seed available from
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the different progenies and for animal Je:xperime:n‘cs involving smaller
number of treatments with elimination of litter effect, as in Bio-assays
- and other animal husbandry experiments. The method of analysis,
together with the expressions for finding the standard errors of treat-
ment differences, has been presented. The different steps involved
in the analysis of the design have been illustrated by means of an example.

I feel grateful to Dr. V. G. Panse for some suggestions which
helped to improve the quality of the paper.
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